Abstract-Piezo actuators are often used in positioning devices that require (sub)nanometer resolution. For the purpose of control design a model is needed. In this paper, we develop an electromechanical dynamic model of a walking piezo actuator. The walking piezo actuator contains four legs, each with two electrically separated piezo stacks. The legs are modeled as a connection of coupled mass-spring-damper systems. Using a Lagrange approach, the nonlinear system dynamics are derived. The variation in the system dynamics is assessed using linearization around different equilibrium positions. Also a static linearized approximation is derived, which describes the static relation between the supply voltages and the tip trajectories of the legs. The model is based on the physical properties of the actuator. The variation in system dynamics appears to be most significant in the movement perpendicular to the leg orientation. Experimental validation shows that the static linearized model accurately describes the tip trajectories of the legs for sinusoidal waveforms.
I. INTRODUCTION
Piezo actuators are able to perform very small reproducible deformations. This makes them very attractive for use in nano-positioning devices.
In this paper, we consider the dynamic modeling of a linear walking piezo actuator. The actuator has four piezoelectric legs, each of which uses a bimorph working principle through two electrically separated piezo stacks.
The description of piezo actuators involves combined mechanical and electrical effects. Although piezo actuators exhibit an inherent hysteresis nonlinearity, often the operating conditions are chosen to achieve a nearly linear behavior [1] . Therefore, we focus on modeling the structural dynamics of the walking piezo actuator.
In literature, three different modeling approaches are used to describe the behavior of bimorph piezo actuators; bending beam analogies, thermal analogies and energy approaches.
A model incorporating hysteresis is derived using beam analogy in [2] for a three layer bimorph beam consisting of two piezo elements separated by a metal shim. Design equations of a multimorph piezo beam are derived in [3] . The beam analogies are generally used for piezo actuators that have wide thin piezo elements and that obtain the movement from bending of the piezo elements, which is by design different from the working principle of the walking piezo actuator in this paper.
Thermal analogy methods are based on the similarities between the piezo strains and thermal strains [4] , [5] , [6] . Although software packages exist for dynamic analysis of R.J.E. Merry, M.J.G. van de Molengraft and M. Steinbuch are with the Eindhoven University of Technology, Department of Mechanical Engineering, Control Systems Technology group, P.O. Box 513, 5600 MB Eindhoven, The Netherlands, r.j.e.merry@tue.nl, http://www.dct.tue.nl thermal analogy models, they are not easily extended with for example hysteresis or with the dynamics of the system surrounding the piezo actuator. Therefore, we have not adopted this modeling approach for the walking piezo actuator.
The electromechanical coupling of piezo actuators can be modeled using energy based methods [7] . The dynamics of single stacked piezo actuators are described using electromechanical models in [8] , [9] , [10] . The different layers of a piezo stack can be modeled as a chain of lumped mass-spring-damper systems [9] , where also the nonlinear hysteresis effects are incorporated into the model. In [11] , the single stack piezo actuators of a x, y, θ z micro-positioner are modeled as a single spring, damper and a displacement element. Although a Lagrangian energy approach is followed, the piezoelectric effects are only included in the FEM analysis.
The contributions of this paper are threefold. Firstly, an analytical model of the walking piezo legs actuator based on its physical properties is derived. Secondly, analytical expressions for the static approximation between the tip trajectories and the supply voltages are derived. Finally, the results are experimentally validated.
From the presented model structure control oriented models can be derived for different kind of piezo actuators that employ multiple piezo stacks, especially for bimorph piezo actuators. The physical nature of the model allows it to be used in design optimizations to derive new walking piezo actuators with different properties. Due to the energy based modeling approach, the model can be easily extended with the dynamics of the system to be actuated and with nonlinear effects, such as hysteresis, stick-slip, etc. This paper is organized as follows. The piezo legs motor and its working principle are described in more detail in Section II. In Section III, both the dynamic model of the walking piezo actuator and the static approximation are derived. Also, an analysis on the changing dynamics for different operating conditions is presented. The model identification and the dynamic and static results are shown in Section IV. Finally, conclusions are drawn in Section V.
II. THE PIEZOMOTOR
The piezomotor, shown in Fig. 1(a) , consists of four piezoelectric drive legs [12] . The drive legs are driven by electric waveforms via the connector. The top of each leg is covered with an aluminum oxide drive pad. The drive legs can be pressed onto a drive surface of a stage to transfer the walking movement to a translational movement with nanometer accuracy and with speeds in the range of nanometers per second to millimeters per second [13] . The legs are cast in rubber to add damping to the movement. The dimensions of the piezomotor of Fig. 1(a) are 22×10×10 mm. Its weight equals 15 g.
Each piezo leg consists of two electrically separated piezo stacks and employs a bimorph working principle. The piezo stacks elongate when they are electrically charged. A schematic representation of the side view and the working principle of the piezomotor are shown in Fig. 1(b) . The legs elongate in y-direction when an equal voltage is applied to the two piezo stacks of one leg. Applying different voltages on the two piezo stacks of one leg causes the leg to bend. By choice of the supply voltages (waveforms), the tip of the drive leg can be placed in an arbitrary position within a working region in the (x, y)-plane (see Fig. 1(b) ) spanned by the waveforms u i (t) (V), i ∈ {1, 2, 3, 4} with min(u i ) = 0 V and max(u i ) = 46 V.
As can be seen in Fig. 1(b) , the drive legs always work together in pairs of two. The first pair of legs p 1 = {A, D} is driven by the waveforms u 1 (t) (V) and u 2 (t) (V), the second pair p 2 = {B, C} is driven by u 3 (t) (V) and u 4 (t) (V).
III. MODELING
The piezo legs work together in pairs. It is assumed that two legs of a single pair are identical. Therefore, each pair is modeled as a single leg. Since the model is based on physical properties, this only causes the dimensions in the model to be the combined dimensions of both legs in one pair. Because of similarity, in the remainder we will discuss only the modeling of one pair.
Each piezo stack in the bimorph piezo legs contains n t = 96 piezo elements. Since both stacks have an equal amount of elements, the leg can be considered to have n t layers, each consisting of two piezo elements, one in each stack. Each layer is modeled as two piezo elements, connected by a mass m, representing the total mass of that layer.
Due to the polarization of the piezo elements and the assumption of an uniform electric field in y-direction, each piezo element is assumed to have only an extension in its local y-direction.
Equal input voltages u 1 (t) and u 2 (t) result in equal extensions of the piezo elements and thus in a translation of the mass m in y-direction. Different voltages u 1 (t) and
Model of a single layer.
u 2 (t) cause the mass to rotate around its center of mass. The x-translation of the leg is caused by stacking the model of one layer n times on top of each other, creating a lumped model structure.
A. Modeling the piezo elements
The constitutive equations of a piezo element equal [14]
where Q (C) is the total electric charge on the electrodes of the piezo element, Δ (m) is the total extension, f t (N) is the total force and u (V) the applied voltage between the electrodes of the piezo element. Furthermore, C (F) is the capacitance of the piezo element with no external force, K a (N/m) the stiffness with short-circuited electrodes, n the number of layers in the piezo stack, k (-) the electromechanical coupling factor and d 33 (m/V) the piezoelectric constant. When a voltage source is used, as done in this paper, the effect of the piezo element on a structure can be represented as a pair of self-equilibrating forces applied axially to the ends of the piezo element [14] . In that case, the total force in the piezo element follows from (1) as
Each piezo element can be represented as a parallel coupling of a force due to an applied voltage u and a spring with spring constant K a .
B. Complete model
Since the different legs of the walking piezo actuator are cast in rubber, also a damper is added to the model of the individual piezo elements. This results in the model for a single layer of the piezo legs as shown in Fig. 2 , where 2c (m) denotes the width between the neutral lines of the two piezo stacks.
The two piezo elements apply different forces, resulting in a combined force F (N) and a moment M (Nm) on the mass m of each layer (see Fig. 3 ).
Let n m denote the number of layers in the model. As can be seen in Fig. 3 , each layer can described by two generalized coordinates q, being the elongations of both piezo elements in a layer. For n m layers in the model, the vector with generalized coordinates becomes
The initial conditions are
where L 0 (nm) denotes the initial length of the different layers. The inputs are the voltages u 1 (t) and u 2 (t). Since these are equal for each layer, the vector with inputs becomes
The angles α i (t), where i ∈ Z nm is the index number of the different layers, due to the elongations of the piezo elements equal
where α 0 = 0. The absolute angle of each center of mass is defined as
The absolute position of the center of mass (CM ) of each
where r 0,CM (t) = [0, 0, 0] T . Due to the angles α i , i ∈ Z nm , the base length increases slightly. This increase is considered to be negligible small, i.e. the extension of the base width due to the cosine term is linearized to be 2c (m).
The angular rotations of the centers of mass for each layer are defined as
The force applied on the different masses due to the extension of each the piezo elements can be combined into one force as
where
The forces F i ∈ R 3 , i ∈ Z n F , where n F = 2n m − 1 is the number of forces acting on all masses, equal
The positions r i (t), i ∈ Z n F where the forces act equal
The moment acting on each mass due to the extension of the piezo elements equals
The moments M i (t) ∈ R 3 , i ∈ Z n M , where n M = 2n m − 1 is the number of moments, equal
The positions where the moments φ i (t), i ∈ Z n M act equal
The damping forces F d,i , i ∈ [1, . . . , 2n m ] in the individual piezo elements, acting on all individual generalized coordinates, equal
The nonconservative generalized forces [15] can now be calculated as
The kinetic energy equals
are the time derivatives of the position and rotation vectors, respectively. The potential energy
where k = K a . For use in nano-motion stages [13] , the piezo legs motor is rotated to have the legs horizontally pressed against a drive surface. Therefore, no gravity is added to the model. The Lagrange's equations of motion can now be calculated using [15] d dt
Eq. (8) can be rewritten as
where M q is the mass matrix, H q,q contains the centripetal and Coriolis terms as well as the gravitational effects, S q represents the generalized force directions and
T contains the inputs. For the model of the walking piezo actuator, the global tip position of the top element in x-and y-direction is chosen as the output, which can be defined as g q = r nm,x r nm,y T .
C. Static relations
Since the mass of the different piezo elements is small and the stiffness high, the resonance frequencies are expected to be very high. In [12] , [16] , the relation between the input voltages u 1,2 (t) and the tip positions in the Cartesian (x, y)-plane, denoted by x t and y t , is specified to be a static map as
where c x (m/V) and c y (m/V) are the constant bending and extension coefficients, respectively. Analytical expressions for the bending and extension coefficients c x and c y as function of the physical parameters can be derived by linearizing the equations of motion for small movements q. For the static relation, first defineq = 0 andq = 0. Now we define
The nonlinear dynamics can be linearized around an equilibrium position q e by splitting the generalized coordinates as q = q e +q, whereq are small perturbations around q e . Furthermore, defineq e = 0 andq e = 0. The external forces are split as τ = τ e +τ (t), where τ e is the equilibrium input corresponding to q e andτ (t) is the time-dependent part that causes the small perturbationsq, where in the equilibrium τ (t) = 0. The equilibrium equations are described by F (q e , τ e ) = 0. Relation (13) is nonlinear in q e and τ e = [f 1,e , f 2,e ]. For the validation of (11) and (12) a linear approximation is pursued. The first order Taylor expansion of (13) can be written as
Equating (14) to zero yields
Note that the matrix ∂F /∂q e must be invertible for the above expression to exist. For the static relation, also the nonlinear output equation (10) must be linearized as
Substitution of (15) in (16) gives the approximated static relation between the inputτ = [f 1 ,f 2 ] T and the global position of the tip of the legg.
IV. IDENTIFICATION AND RESULTS
Using measurements of the legs obtained using an electron microscope and the material properties for lead zirconate titanate (PZT) piezo material [14] , [17] , the model parameters are identified as given in Table I .
In practice, the legs of the walking piezomotor are often pressed against the drive surface of a stage using preload springs [12] , [13] . The applied force of each piezo element (2) changes to [14] 
where k = K a + K p and K p (N/m) is the pre-tension stiffness.
The resulting dynamics of the model derived in Section III with the model parameters of Table I will be presented in Section IV-A for different equilibrium positions q e . Furthermore, the derived static relation of Section III-C will be validated experimentally in Section IV-B. 
A. Varying equilibrium q e
The elongations of the piezo elements on the left side of the leg, i.e. the generalized coordinates with an uneven subscript, depend in steady state only on the input voltage u 1,e . On the right side, i.e. with an even subscript, the equilibrium positions of the generalized coordinates depend on the input voltage u 2,e . The equilibrium vector can therefore be divided as q e = q 1,e , for q = {q 1 , q 3 , . . . , q 2nm−1 }, q 2,e , for q = {q 2 , q 4 , . . . , q 2nm },
where equilibrium positions q i,e , i ∈ {1, 2} are calculated using (15) . The width c is of order O(c) = 10 −3 m and the elongations q i are maximally of order O(q i ) = 10 −6 m. To derive the linearized equations of motion, the angles α i (t) are linearized as
Elliptical tip trajectories are obtained when the input voltages are chosen sinusoidal as [12] , [13] 
where the amplitude A = 46 V, the phases ψ 1 = 0 rad and ψ 2 = π/2 rad for the voltages u 1 and u 2 , respectively. In Fig. 4 , the bode diagrams of the system with n m = 6 layers and varying angle α ∈ [0, π/36, π/18, . . . , 2π] rad are shown. For each value of α, the input voltages can be calculated using (19). The corresponding equilibrium positions q e can be calculated using (18).
The steady-state gains of H x,u1 (s) = X(s)/U 1 (s) and H x,u2 (s) = X(s)/U 2 (s) vary for different equilibria, i.e. for different leg positions. The gain variations of H x,u1 (s) and H x,u2 (s) are equal for a varying α over a complete cycle, i.e α ∈ [0, 2π] rad. The variation of the steady-state gains H y,u1 (s) = Y (s)/U 1 (s) and H y,u2 (s) = Y (s)/U 2 (s) in y-direction for varying angle α is negligible small. This was expected since the stiffness of the legs in y-direction is much larger than in x-direction.
B. Static
In this section, the static relation between the input voltages and the tip trajectory, described by (15) and (16), is validated experimentally. For this purpose, the piezo legs motor is mounted onto a one degree-of-freedom (DOF) stage. The drive pads of the legs are pressed against the drive strip of the 1-DOF stage using a motor suspension [13] and preload springs. The stage is equipped with a linear incremental encoder with a resolution of 0.64 nm. The movement of the back side of the motor is measured with a capacitive sensor with a resolution of 0.44 nm. The preload exerted by the springs on the motor is modeled as an equivalent spring with stiffness K p = 25.6 · 10 6 /n m N/m (see also Table I ). Experiments are performed using the sinusoidal waveforms of (19) for α(t) = 2πt rad. During the experiment, the second pair of legs is kept at u 3 (t) = u 4 (t) = 0. Since the movement is performed at a low driving frequency f α =α/2π = 1 Hz, the stage and the back side of the motor are assumed to follow the tip movement of the leg exactly.
The static linearized output equations for n m = 6 equal
Combination of (20) and (21) with (4) results iñ
The constant bending and extension coefficients of [12] follow by comparison of (20) to (11) and (21) to (12) as
The measured positions in x-and y-directions are shown in Fig. 5 with the solid grey line. The tip trajectory according to (20) and (21) is shown by the dashed black line. It can be seen that the magnitude of the movement is approximately equal in both x-and y-direction.
The measured and modeled time signals in x-and ydirection are shown in Fig. 6(a) and Fig. 6(b) , respectively. The grey solid lines represent the measured positions and the black dashed lines represent the positions of the model described by (22) and (23). The errors between the calculated and measured positions, defined as e x =x−x and e y =ȳ−ỹ withx andȳ the measured positions in x-and y-direction, are shown in the bottom axes. The static relations describe the movement with an accuracy of 75% and 89% in x-and y-direction, respectively. Besides the good correspondence, there is also a remaining difference between the measured and modeled positions. The modeled tip position is symmetric around the origin in Fig. 5 whereas an asymmetry can be seen in the measured response. Also a small difference in amplitude in the x-direction is visible. These differences are probably caused by unmodeled phenomena, e.g., hysteresis, variation in lengths of the piezo stacks or different lengths of the legs in a single pair, or by measurement errors, e.g., sensor alignment.
V. CONCLUSIONS
In this paper, we have derived an electromechanical model of a bimorph walking piezo actuator. Each leg of the actuator consists of two electrically separated piezo stacks. The piezo elements are modeled as a parallel coupling of an actuator force due to an applied voltage and a spring. The different layers in the bimorph piezo legs are modeled using a lumped structure of connected mass-spring-damper elements. The model is derived based on physical properties of the motor.
The varying system dynamics are assessed by linearization of the nonlinear dynamics around different equilibria. The resonance frequencies are located at frequencies f ≥ 215 kHz. Therefore, the legs are considered static for control purposes. A static linearization is performed to find a relation between the input waveforms and the leg trajectories.
The modeled tip trajectories show a good correspondence to the experimentally obtained measurements, with an accuracy of 75% in x-direction and 89% in y-direction.
Future work includes extending the model to better describe the experimental results by investigating the asymmetry in the measured results and by modeling the hysteresis in the piezo motor. Furthermore, the model will be used to obtain optimal input voltages to the legs using optimization techniques.
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